In the presence of a chemical potential, the physics of level crossings leads to singularities at zero temperature, even when the spatial volume is finite. These singularities are smoothed out at a finite temperature but leave behind non-trivial finite size effects which must be understood in order to extract thermodynamic quantities using Monte Carlo methods, particularly close to critical points. We illustrate some of these issues using the classical non-linear O(2) sigma model with a coupling β and chemical potential µ on a 2 + 1 dimensional Euclidean lattice. In the conventional formulation this model suffers from a sign problem at non-zero chemical potential and hence cannot be studied with the Wolff cluster algorithm. However, when formulated in terms of world-line of particles, the sign problem is absent and the model can be studied efficiently with the "worm algorithm". Using this method we study the finite size effects that arise due to the chemical potential and develop an effective quantum mechanical approach to capture the effects. As a side result we obtain energy levels of up to four particles as a function of the box size and uncover a part of the phase diagram in the (β, µ) plane.
I. INTRODUCTION
Understanding the phase diagram of quantum chromodynamics (QCD) as a function of temperature T and baryon chemical potential µ is an active area of research. Although much is known about the physics at µ = 0 from lattice QCD calculations [1, 2] , there is controversy of what might occur at non-zero µ and small values of T [3] [4] [5] . Due to the sign problem, which arises in all current formulations of lattice QCD at non-zero µ, it is impossible to perform first principles calculations to settle the controversy today. Most of our knowledge of the (T, µ) phase diagram of QCD is based on models that are motivated from universality and solved using mean field theory. Can at least some of these models be studied from first principles? For example, recently a Landau-Ginzburg approach was used to uncover parts of the phase diagram of QCD where the low energy physics is described by bosonic excitations [6] . In these regions it should be possible to construct bosonic effective field theory models that share the same symmetries, low energy physics and possibly the phase transitions as QCD. It would be interesting to study these models from first principles. Unfortunately, sign problems also arise in bosonic field theories in the presence of a chemical potential when formulated in the conventional approach. For this reason not many first principles studies of field theories with a chemical potential exist. However, many of these sign problems are solvable today and thus allow us to explore the physics of a chemical potential from first principles. It may be useful to study these simpler field theories before attempting to study QCD.
One of the simplest examples of a relativistic bosonic field theory is the classical non-linear O(2) sigma model on a cubic lattice which has been studied extensively in the context of superfluid transitions using the efficient Wolff cluster algorithm [7] . The phase transition is between two phases: an O(2) symmetric phase and a phase where the symmetry is spontaneously broken.
Close to the phase transition the low energy physics is described by an interacting quantum field theory of massive charged bosons in the symmetric phase and of massless Goldstone bosons in the broken phase. At the critical point the low energy physics is scale invariant and the critical behavior belongs to the three dimensional XY universality class.
Since the model contains an exact O(2) global symmetry, one can also introduce a chemical potential µ that couples to the corresponding conserved charge. This chemical potential helps one study the "condensed matter" composed of the fundamental boson present in the theory. When µ = 0, the action in the conventional formulation becomes complex and Monte Carlo algorithms suffer from a sign problem exactly like in QCD. Not surprisingly, the phase diagram of the condensed matter arising in the O(2) non-linear sigma model has not been studied from first principles. On the other hand non-relativistic bosonic lattice models, especially in the Hamiltonian formulation have been studied for many years by the condensed matter community. Here one naturally constructs the field theory with bosonic world lines and there is no sign problem when one introduces a chemical potential. Thus, it is natural that a world-line approach could solve the corresponding sign problem even for a relativistic field theory. This was shown explicitly for both the linear sigma model [8] and the O(2) non-linear sigma model [9] .
While the world-line representation for bosonic lattice field theories was well known for many years, the main advance in the field that improved our ability to perform a first principles calculation in the presence of a chemical potential, was the discovery of an efficient Monte Carlo algorithm called the "worm algorithm" [10] . Variants of this algorithm in the name of "directed loop algorithm" [11, 12] have been used to solve a variety of models that arise in the strong coupling limit of lattice gauge theories [13] [14] [15] [16] . The worm algorithm has also been found to be an efficient approach to study a wider class of fermionic field theories in the loop representation in two dimensions where fermion sign problems are absent [17] [18] [19] [20] and weak coupling Abelian lattice gauge theory [21] . A combination of the worm algorithm and the determinantal algorithm was recently developed to solve the lattice Thirring model in the fermion bag formulation in higher dimensions [22] . All these developments should allow us to explore the physics of a chemical potential using first principles in a variety of lattice models with interesting symmetries.
In this work, we explore the O(2) non-linear sigma model in the presence of a chemical potential and show that interesting finite size effects naturally arise due to the level crossing phenomena.
Understanding these effects is important to extract the thermodynamic limit and thus uncover the (β, µ) phase diagram, where β is the coupling and µ is the chemical potential. Our studies should be useful for future studies since the finite size effects we uncover is a universal feature. Our work also provides accurate results that can be used to compare with results from other methods, like the complex Langevin method, which are being explored as a solution to the sign problem in general [23] [24] [25] . Our work is organized as follows: In section II we discuss our model and observables in order to set up the notation. In section III we discuss the finite size effects that arise in the presence of a chemical potential and develop an effective quantum mechanical description that captures these effects in section IV. Sections V and VI contain our results obtained using the worm algorithm. In particular we show that the observed finite size effects are described well by the effective quantum mechanical description of section IV. In section VII we discuss the phase diagram of the O(2) model which emerges from our work.
II. MODEL AND OBSERVABLES
The action of the O(2) non-linear sigma model on a lattice with a finite chemical potential that we study here is given by
where x is the lattice site on a three dimensional cubic lattice, α = 1, 2 represent the spatial directions and α = t represents the temporal direction. We will use L to represent the spatial size and L t the temporal size and assume periodic boundary conditions. The constant β plays the role of the coupling. The chemical potential µ is introduced in the standard way and couples to the conserved charge of the global O(2) symmetry [26] . When µ = 0 the action becomes complex and Monte Carlo algorithms to generate configurations [θ] that contribute to the partition function
suffer from a sign problem. In particular the Wolff cluster algorithm [7] is no longer useful at non-zero chemical potential. Hence the phase diagram of the model in the (β, µ) plane remains unexplored.
It is possible to avoid the sign problem if we rewrite the partition function in the world-line representation [9] . Using the identity
where I k is the modified Bessel function of the first kind, on each bond (x, α), and performing the angular integration over θ x the partition function can be rewritten as
where the bond variables k x,α describe "world-lines" or "current" of particles moving from lattice site x to the site x +α and take integer values. A configuration of these bond variables, denoted
, is thus a world-line configuration. The global U(1) symmetry of the model is manifest in the local current conservation relation represented by the delta function. In other words any particle that comes into the site must leave the site due to current conservation. In this world-line formulation the partition function is a sum over explicitly positive terms even in the presence of µ. Details of the "worm algorithm" that we have developed to update the world-line configuration
[k] is described in appendix A.
We focus on four observables in this work:
1. The average particle density ρ:
The average particle number is then given by N = ρL 2 .
2. The particle number susceptibility κ:
3. The superfluid density (or particle current susceptibility) ρ s :
The superfluid density is known to be ρ s = 1/L t W 2 where W is the spatial winding number of particles [27] . We define N s = L 2 ρ s as the number of particles that are in the superfluid phase in a finite system.
4. The condensate susceptibility χ:
The first three observables are "diagonal" observables and can be measured on each world-line configuration and then averaged. The condensate susceptibility χ on the other hand is a "nondiagonal" observable, but it can be related to the size of each worm update as discussed in appendix A. We discuss some tests of the algorithm in appendix B. In particular we have been able
reproduce earlier results of the O(2) non-linear sigma model at µ = 0. One of these results is the estimate of the critical coupling β c = 0.45421 [28] . For β > β c the O(2) symmetry is spontaneously broken, while for β < β c the model is in the symmetric phase. Our tests also show agreement with exact calculations on a 2 × 2 lattice at non-zero µ.
III. FINITE SIZE EFFECTS
A good understanding of finite size effects is important for extracting thermodynamic results from numerical computations. This is particularly true close to a second order critical point where correlation lengths diverge. While developing a theory of finite size effects, one usually assumes 
close to µ = µ c in the thermodynamic limit. In Fig. 1 we observe that ρ is indeed zero for µ < 0.27 and begins to increase for µ 0.27. But the increase, although roughly linear close to µ c as expected, shows clear "wiggles" when 0.27 < µ < 0.38 and only for µ > 0.38 the "wiggles" disappear. The region between 0.27 < µ < 0.38 has been enlarged in the left inset in order to enhance the observed "wiggles". In the right inset we fix µ = 0.32 and plot ρ as a
Again the data shows clear oscillations whose origin may seem a bit mysterious. In order to avoid these oscillations one has to go to much larger L at a fixed value of µ. However, since L t scales like L 2 going to larger lattice sizes is more difficult than in a relativistic theory. For this reason, we believe it may be useful to develop a different type of finite size analysis.
As we will argue below, the strange finite size behavior is the result of energy levels crossing each other due to the chemical potential. temperatures (large L t ) in a finite spatial volume (fixed L). While these singularities are smoothed out at finite L t , they leave behind non-trivial finite size effects observed above. While it may still be possible to develop practically useful finite size scaling relations using L t = L 2 , we find it natural to consider a finite size scaling theory for quantities as a function of L t and µ for a fixed value of L close to the critical values of µ where energy levels cross each other. As we discuss below this leads to an effective quantum mechanics problem. The finite size effects studied here have been observed earlier in the context of quantum spin-systems in a magnetic field [29] , but they were not analyzed using the techniques we introduce below.
IV. EFFECTIVE QUANTUM MECHANICS
At a fixed value of L for sufficiently large L t , it must be possible to map the lattice field theory problem to an effective quantum mechanics problem where only a few low energy levels play an important role. Let us label these energy levels by |N, k and the energy eigenvalues by E (N )
k , where N = 0, 1, 2, ... represents the particle number sector of the energy level and k represents "other" quantum numbers. The levels and the energies depend on L and β. The partition function of the problem may be written as
Using this effective quantum mechanical description we can in principle find the L t and µ dependence of various quantities. However, for the analysis to be practically useful we need to assume that only a few energy levels are important. If we assume that µ is close to a critical value µ c where level crossing phenomena occurs, then for large enough L t one might expect the physics to be dominated by just two levels. In this approximation we will derive the L t and µ dependence of all our observables.
In a given particle number sector can assume E
< ... without loss of generality. However, in this work we will also assume that E (0)
0 ... which means that it always costs energy to add a particle into the system. While this is not necessary it is precisely the situation we encounter in this work and simplifies our analysis. With these assumptions it is easy to argue that close to the critical chemical potential where the particle number changes from N to N + 1 we can approximate the partition function to be
Here we have assumed all higher energy states will be suppressed exponentially at large L t . It is easy to verify that µ
is the critical chemical potential where the average particle number changes from N to N + 1. Below we discuss the L t and µ dependence of each observable when µ ≈ µ (N ) c .
A. Particle Number
We first consider the average particle number N . When ∆
is small and L t is large we can write
We will demonstrate later that our data fits very well to this simple one parameter fit and we are able to extract µ
very accurately for all L ≤ 20 for a variety of values of β.
B. Number Susceptibility
Next we discuss the number susceptibility κ = L t /L 2 N 2 . We now obtain
The value of µ
is the same as obtained from the average particle number. So this observable has no new free parameters.
C. Superfluid Density
In the effective quantum mechanical description the superfluid density is given by
where
is an operator in the Hilbert space made up of the conserved current operator J i (x 1 , x 2 ) in the direction i at the site with coordinates (x 1 , x 2 ). Note the sum is over the surface perpendicular to the direction of the current. Since it is a conserved current it does not matter which surface one chooses. Now if we introduce a complete set of energy eigenstates we get
First we note that n, k|O|n ′ k ′ ∝ δ nn ′ , since the current operator commutes with the particle number operator and hence does not change the particle number. Further, as before we assume only two low lying energy levels are important in the partition function when µ ≈ µ
c . Then the [k, n] sum is replaced by k = 0 and n = N, N + 1. Hence we obtain
and ρ 1 is obtained by replacing N with N + 1 in the above expression. Note that the sum over k ′ does not contain the k ′ = 0 sum because N, 0|O|N0 = 0 since O is a current operator and the ground state is rotationally invariant. Thus, the expression for ρ s contains two new parameters
has already been encountered before.
D. Condensate Susceptibility
The expression for the condensate susceptibility can also be obtained using eq. (16) if the oper-
The matrix element n, k|O|n ′ k ′ is non-zero only when n ′ = n + 1 or n
. However, in the present case the µ dependence also enters the k ′ sum. In the limit as ∆ (N ) µ → 0 and L t → ∞ the k ′ = 0 term is singular while the other terms are not. Separating the singular term from others we find
Since |∆
µ | is assumed to be much smaller than all ∆E
, at large L t the exponentials in the k ′ sum can be dropped. If the remaining terms are expanded in powers of ∆
We find that our data fits well to this expression truncated at the quadratic order in ∆ (N )
µ , which means we have seven new parameters in our fit. However, most of these parameters are not determined reliably and contain large systematic errors. The only parameter that can be determined reliably is χ 0 and this is what we quote as a result from our analysis.
V. RESULTS
We have performed extensive calculations at β = 0.43, 0.50 and 0.20. These values of β are chosen so that two of them are close to the critical coupling β c = 0.45421 on either side and one is far from it in the massive (disordered) phase. In this section we present fits of our results to the effective quantum mechanics description discussed above. As mentioned earlier, the effective description becomes useful only in the limit of small temperatures where excitations to higher energy levels can be neglected. Since the spacing between energy levels decreases with increase in volume, our approach works best on small spatial volumes. However, thanks to the efficient worm algorithm, we have been able to extract parameters of the effective quantum mechanics up to L = 16 at β = 0.43 and β = 0.5. Although this lattice size is small compared to normal studies of bosonic lattice field theories, it still allows us to perform a useful study of the L dependence of the physics and draw quantitative conclusions about the thermodynamic limit. At β = 0.2 we observe that the energy levels are more densely packed and we are able to compute quantities only up to L = 8.
We first consider L = 2 and vary L t in the range 40 ≤ L t ≤ 200 which is easy due to the small lattice size. In Fig. 2 we plot the behavior of our four observables as a function of the chemical potential at L t = 100 and β = 0.43. Note that the particle number increases in steps of one at critical values of µ. This means energy per particle of the ground state in every particle number sector increases with the number of particles. In other words the particles repel each other.
Thus, small systems containing particles of the non-linear sigma model will show the phenomena similar to Coulomb Blockade observed in nanoscale systems [30] . By fitting the data at L = 2 and β = 0.43, 0.50 and 0.20 we have extracted the parameters µ and L t is sufficiently large. The corresponding effective parameters are tabulated in Tabs. II, III and IV. The fits always give reasonable χ 2 /DOF , which are shown in the last four columns, one for each observable. We note that as β becomes smaller, µ
c becomes larger while µ
becomes smaller. This is the reason it becomes difficult to match the data to an effective quantum mechanics description at small β without going to very large L t . Note also that the value of µ c at L = 16 and β = 0.43 in Fig. 6 and at L = 6 and β = 0.2 in Fig. 7 along with the fits. 1.6 
VI. THERMODYNAMIC LIMIT
Using the results of the previous section it is tempting to extrapolate to the thermodynamic limit. However, in order to accomplish this task it is important to know how the effective quantum mechanical parameters depend on L. This dependence is non-universal in general and close to a critical point will depend on the nature of the phase transition. Assuming the phase transition is second order, close to the critical chemical potential where the density can be made arbitrarily small, we expect universal features to emerge. For example, when the particles have a purely repulsive interaction, the ground state energy of N particles is always less than the corresponding energy of N + 1 particles [31] . Based on the results of the previous section this scenario seems to be valid in the current model. Indeed the particle number always increases by one as we increase µ at every fixed value of L. The superfluid density ρ s also behaves like ρ. Thus, we conclude that at µ = µ (0) c in the thermodynamic limit, there is a second order transition to a superfluid phase. Based on this, below we discuss the extrapolations to the thermodynamic limit. c is simply the mass of the particle M(L) at a finite L. This mass can be obtained by fitting the the temporal two-point correlation function
computed at µ = 0, to the form
In the definition of G(t), y ⊥ and x ⊥ represent lattice sites at temporal slices 0 and t respectively. We have computed M(L) using this method and indeed we find excellent agreement with µ
c at all the three values of β. This means the true mass of the particle must be
We can reverse this argument and obtain µ (0) c in the thermodynamic limit by simply measuring the mass of the particle at µ = 0. Of course this result is not general and is valid only in the present study where there is clear evidence that the particles repel each other. In order to extract M in the massive phase (β < β c ) we can use Lüscher's formula [32] extended to two spatial dimensions,
At β = 0.43 we find that µ The spatial size dependence of the energy of N particles in three spatial dimensions has been calculated using models of quantum mechanics [33, 34] . Recently, this dependence was also computed using effective field theory [35] . In the special case of two particles the problem was also solved in a general massive quantum field theory in three spatial dimensions [36] . All these studies indicate that the ground state energy of N particles satisfies the relation E
is the difference in the ground state energies of N + 1 particles and N particles. Extending the known results to two spatial dimensions and making the assumption that the particle density in the thermodynamic limit close to the critical point is of the form ρ ∼ c(µ − µ
c ) at leading order in the superfluid phase, we expect
for sufficiently large L and N. Figure 8 shows that our data is described reasonably well by this equation. In the left plot of Fig. 8 we show the values of µ (25) yields a large χ 2 /DOF . We believe this is due to the fact that our data has very small errors and hence is sensitive to higher order corrections which we do not know analytically at the moment in two spatial dimensions.
When β = 0.5 we are in the superfluid phase and the U(1) particle number symmetry is spontaneously broken. One then expects the low energy spectrum at finite volumes to be governed by O(2) chiral perturbation theory. Based on this we again expect µ In principle there could be other interesting phases at larger values of µ which we cannot rule out based on the current work. Since we have seen the particles have a repulsive interaction, an interesting possibility is the existence of a solid phase or a super-solid phase [38] . However, there are stringent constraints for super-solids to arise [39, 40] and we do not know if these rule out such a phase in the current model. In any case if a transition to a solid phase exists, it will most likely be first order similar to the solid-liquid phase transitions in materials and will occur at densities where the lattice structure may become important. These transitions can also be studied efficiently with the worm algorithm. We postpone these studies for the future, but have speculated the possibility of a solid phase in Fig. 9 . Extending the code from two dimensions to three dimensions is trivial and the chance for mistakes is rather small. However, we have tested the code at least at µ = 0 using the results from previous work. Here we compare results for χ obtained using the worm algorithm with that obtained using the microcanonical improved Metropolis (MM) algorithm and the available results in the literature using the cluster method [28] . The comparison is shown in Table VII . The reason for us to choose β = 0.45421 is because this is known to be the critical value of the coupling where the theory undergoes a phase transition from a normal phase to a superfluid phase. At the critical coupling we expect χ ∝ L γ/ν . A fit of our data to this form yields the value of γ/ν = 1.99
as expected from [28] , and is shown in figure 10 . 
